This paper describes how fertility is determined in a model that assumes the existence of child-care services. When child-care services exist, two multiple states result: a state that brings about low fertility with low female labor participation, and a state that brings about high fertility with high female labor participation. This result is consistent with the positive correlation that is found between the total fertility rate and female labor participation in developed countries, as described by Ahn and Mira (2002) [1] and others. Moreover, this paper presents analyses of the effects of child-care policies, for example, a child allowance and a subsidy for child-care services policies. These policies instantaneously raise fertility. However, in a dynamic general equilibrium model, these policies might pull down fertility because capital accumulation decreases in the long run. If income growth continues in the long run, then the child allowance can always pull up fertility. However, if the income level converges to constant level in the long run, then the child allowance might pull down fertility. This result shows that the effect of the child allowance depends on whether income growth ceases or continues in the long run.
Introduction
We find three positive correlations in developed countries: fertility and female labor participation, fertility and income per capita, and fertility and the magnitude of governmental family policy. First, the analyses described in this paper demonstrate the positive correlation between fertility and female labor participation.
As described by Ahn and Mira (2002) [1] , Sleebos (2003) [2] , and Yamaguchi (2005) [3] , the correlation between fertility and female labor participation in developed countries was negative in the 1980s (cross-country compareson). However, that negative correlation has weakened gradually. In recent years, the correlation has changed to a positive one. One explanation for the change in the correlation from negative to positive is the enrichment of childcare services. Figure 1 presents the female labor participation rate and total fertility rate in developed countries. As Sleebos (2003) [2] and others point out, it is apparent that the higher the female labor participation rate is, the higher the fertility rate is 1 . By virtue of child-care services, parents need not pay an opportunity cost for children. Even if parents have children, they can continue working. Thereby, they gain wage income and can yet afford to have more children. Compatibility between child-care and working is the reason that the negative correlation between fertility and female labor participation is weakened and changes to a positive correlation. Galor and Weil (1996) [6] set a theoretical model incorporating a gender gap in the wage rate and derived a negative correlation between fertility and the female labor participation rate. An increase in the female labor wage pulls up the labor supply. Therefore, fertility decreases. Apps and Rees (2004) [7] introduced child-care services, which can produce compatibility between child care and working, and derived a positive correlation. Apps and Rees (2004) [7] assumed a fertility function into which a parent's child care and market child-care services are inputted; it gives constant returns to scale. Hirazawa and Yakita (2009) [8] specified an elasticity between a parent's childcare time and market child-care services and derived fertility dynamics for a small open economy. Martínez and Iza (2004) [9] analyzed how fertility is determined under the assumption of complete substitution between a parent's child care and market child-care services in a dynamic general equilibrium model and derived a positive correlation between fertility and female labor participation. Yasuoka (2008) [10] assumed a constant elasticity of substitution (CES) fertility function, which is determined by the parent's child care and market child-care services. Some studies assumed a different fertility function 2 . Martínez and Iza (2004) [9] insisted that an increase in the skill premium decreases fertility directly; however, market child-care services not only prevent a decrease in fertility but also bring about a positive relation between fertility and the skill premium (capital per capita, labor participation).
Galor and Weil (1996) [6] described that an increase in the skill premium decreases fertility because of the absence of market child-care services 3 . Consequently, with market child-care services considered by Apps and Rees (2004) [7] or Martínez and Iza (2004) [9] in the model economy presented by Galor and Weil (1996) [6] , a positive relation is apparent between fertility and female labor participation.
Second, this paper considers the positive correlation between fertility and income per capita. The positive correlation in developed countries is confirmed to exist between total fertility and income per capita, as shown in Figure 2 .
Aarssen (2005) [13] showed a negative correlation between fertility and income per capita in 223 countries, including both developed and developing countries. This negative correlation is natural because the infant mortality rate is high and parents typically consider children as insurance or investment goods in low-income countries. Confronting a poor social security system, parents depend on their children in their old age. However, in economically developed countries, which have high income per capita, because of the social security system, parents need not depend on children. Other reasons are that child-care costs are high (Educational costs or opportunity costs for child care 4 ) or that parents want to increase the quality of life by decreasing the number of children they plan to have. However, Figure 2 shows the positive correlation between fertility and income per capita in developed countries. This fact is consistent with theoretical analyses in a market child-care service model (Apps and Rees (2004) [7] , Martínez and Iza (2004) [9] , Hirazawa and Yakita (2009) [8] ). Models that do not consider market child-care services explicitly show a positive correlation (Oshio (2001) [18] , van Groezen, Leers and Meijdam (2003) [19] , van Groezen and Meijdam (2008) [20] , Fanti and Gori (2009) [21] , and others).
Third, this paper presents examination of the positive correlation between fertility and the magnitude of governmental family policy.
Although market child-care services play an important role in an increase in the fertility, family policy plays an important role in raising fertility, too. McDonald (2006) [22] surveyed some earlier papers that examined family policy. Some earlier papers showed that financial incentives can be effective for increasing fertility (Lutz (1999) [23] , Milligan (2002) [24] , Laroque and Salanie (2005) [25] ). In fact, a positive correlation is shown between the fertility and the magnitude of family policy in developed countries, as depicted in Figure 3 .
This paper describes analyses of the degree to which and the manner in which fertility is affected by market childcare services and child-care policy, using a model that assumes complete substitution between individual child care and child-care services, as in Martínez and Iza (2004) [9] . 2 For example, Momota (2000) [11] assumed a fertility function by which child care by both men and women in addition to governmental service determines fertility. Yasuoka (2007) [12] considered the fertility function, which is determined using a parent's child care and governmental services. 3 Capital accumulation pulls up the wage rate in skilled sector. In Galor and Weil (1996) [6] , capital accumulation is described as pulling up the wage rate of female laborers, which shrinks wage inequality between men and women. An increase in the skill premium corresponds to shrinking wage inequality between men and women. 4 Becker (1960) [14] set the quality and quantity of children model and derived an increase in income raises the quality and decreases quantity because of an opportunity cost. Becker, Murphy, and Tamura (1990) [15] , de la Croix and Doepke (2003) [16] and Kimura and Yasui (2009) [17] considered the quality of children as reflected in educational investment for children. This paper presents the following results. Given some parametric conditions, the existence of market child-care services, which rich households consume, brings about one of two states: 1) A state of low-fertility equilibrium with low female labor participation, low income and high income growth; or 2) A high-fertility equilibrium with high female labor participation and high income (and low income growth).
Without market child-care services, one steady state exists with low fertility, low female labor participation and high income growth. Therefore, fertility remains at a low level.
However, with market child-care services, the steady state changes to one with high fertility, high female labor participation and low income growth (or high income with no income growth). Therefore, market child-care services raise the fertility and female labor participation rate, which indicates a positive correlation between fertility and female labor participation. Zhang (1997) [26] set the model with quality and quantity of children. With a small cost for increase in quantity of children, the equilibrium with high fertility and low income growth rate is derived. Quality and quantity of children show a negative relation between fertility and the income growth rate; our paper derived a negative relation without quality and quantity of children.
In the latter part of this paper, we present analysis of whether child-care policies (e.g., a child allowance policy-households receive an allowance in proportion to the number of children they have-or a subsidy for childcare services) can raise the fertility rate.
As presented in Figure 3 , an active child-care policy brings about a high fertility rate. This paper shows that the effects of child-care policies differ in the short run and in the long run. In the short run, a rise in fertility increases the labor supply in the subsequent period, resulting in the decrease of income in the subsequent period because accumulation of capital per capita is prevented. Therefore, in the long run, fertility does not always increase because of the fall in income. This paper shows that the child allowance does not always raise fertility. However, if income growth continues in the long run, then a child allowance can always raise fertility. If income converges to a steady state with constant income, the child allowance can not always raise fertility, which conclusions are closely consistent with those reported by Fanti and Gori (2009) [21] ; however, with continued income growth, the effects of a child allowance differ from those described by Fanti and Gori (2009) [21] . In summary, child-care support policies can raise fertility in the short run, but the long-run effects of the policies are unclear. The dynamic general equilibrium model brings about results that demonstrate that the government must consider effects of child-care policies in the short run as well as in the long run before implementing them. This paper is structured as follows. Section 2 explains our model setting. Section 3 provides a description of the dynamic equilibrium. Section 4 analyzes the child-care policy. Section 5 presents examination of a case in which a child-care service fee depends on the wage rate. The final section presents concluding remarks.
The Model
The model economy in this paper is constructed in terms of a two-period (young and old) overlapping generations model. The economy comprises agents of three types: households, firms, and the child-care service sector. We explain the agents in the following subsections.
Households
Individuals in households live in two periods: young and old 6 . Each household supplies labor and gains labor income only during the young period, when individuals raise their children. The analyses described herein assume that it is necessary for households (parents) to input their childcare time and child-care goods to have children. Households have one unit of time, which is assumed to be allocated to labor and child care. However, for these analyses, we assume that child-care services exist. If households 2 show data for Australia, Austria, Denmark, France, Germany, Hungary, Italy, Japan, Netherlands, Norway, Spain, Sweden, Switzerland, the United Kingdom, and the United States.
Government Expenditure Related Family Policy per GDP in Figure  3 is at 2003 and includes a family allowance, maternity and parental leave, other cash benefits, day-care, home-help and other benefits in kind. Fertility in Figure 3 is at 2003. 6 Strictly speaking, individuals in this model live three periods: childhood, young, and old. However, individuals do nothing during childhood. Therefore, we consider this model as substantially a two-period model. pay a fee to use child-care services, then the child-care time per child will decrease to zero and they can work full time. Each individual distributes labor income across child-care goods and consumption during young and old periods. We obtain the following budget constraint if households do not use child-care services:
where n t represents the number of children; c 1t and c 2t+1 respectively denote consumption by young and old generations; r t+1 and w t respectively represent the interest rate and wage rate; and t represents the period. It takes  units of time to raise one child. Furthermore, the parents must buy some child-care goods z for their child 7 . Therefore, the child-care cost per child is z + w t . The higher the wage rate w t is, the higher is the marginal cost to have a child. In contrast, households using child-care services must pay a fee p. Therefore, the necessary child-care time per child decreases and changes to zero 8 . Households with n t children can supply a unit of labor. We can consider 1 -n t as a couple's or a female's labor participation rate 9 . Then, by virtue of child-care services, the female labor participation rate rises from 1 -n t to 1 (by n t ). In this case, we obtain the following budget constraint:
Having n t children, the child-care cost is (z + p)n t . If the child-care cost per child in the case in which households use child-care services is less than that in the case in which they do not, then they use child-care services.
This condition can be represented as z + w t > z + p, i.e.,
Households use child-care services if this condition is satisfied.
The households' utility function u t is assumed as (4) It is assumed that households gain utility not from their children's lifetime utility but simply by having children 10 . Next, we consider the optimization problem in two cases: 1) The case in which households use child-care services; and 2) The case in which they do not use these services.
Case in Which Households Do Not Use
Child-Care Services Each household maximizes its utility (4) under the budget constraint (1). We therefore obtain the following optimum equation:
(5)
where n t no denotes the number of children in the case in which each household uses no child-care services. We assume the child-care cost z as ( z is parameter) 11 . Then, n t no is derived as
An increase of the child-care cost in or  pulls down the fertility n t no . Even if the wage rate w t rises, then the fertility n t no does not increase because an increase in the wage rate raises child-care cost z and the opportunity cost for children w t .
Case in which Households Use Child-Care
Services Each household maximizes its utility (4) under the budget constraint (2). Although optimal consumption allocation c 1t , c 2t+1 is the same as the allocation in the case in which households do not use child-care services, n t differs from this case. The number of children (fertility) in this case n t care is shown as 7 van Groezen, Leers and Meijdam (2003) [19] introduced the survey on measurement of the cost of children by Praag and Warnaar (1997) [27] . As in the analysis by van Groezen, Leers and Meijdam [19] , this paper considers z as the quality of a child, which reflects the consumption of food, clothing, education, and so on. 8 Martínez and Iza (2004) [9] assumed that parents need no time for having children if they use child-care services, too. 9 Apps and Rees (2004) [7] considered labor of two types: labor supplied using a working husband and labor supplied using a wife, a female homemaker. They assumed that a worker supplies a unit of labor inelastically and that a female homemaker supplies labor net of the child-care time.
They considered the labor supply offered using a female homemaker as the female labor participation rate. Then, the couple's labor supply becomes 2 -n t because the male supplies a unit of time and the female supplies 1 -n t unit of time. However, we assume the couple's time as one. Therefore, the couple's labor time is 1 -n t . This assumption does not affect the following results. If we assume that the labor is supplied inelastically by a male worker, as described in earlier studies, then we can consider 1 -n t as the female labor participation rate.
Then, n t = n t care in w t > p. Otherwise, n t = n t no . 10 This assumption is conventional in the endogenous fertility model and is identical to that described in Eckstein and Wolpin (1985) [28], Galor and Weil (1996) [6] , van Groezen, Leers, and Meijdam (2003) [19] , and others. 11 This paper assumes that child-care cost z increases concomitantly with an increase in the wage rate w t . This child-care cost, which is pulled up by an increase in wage income, is assumed in van Groezen and Meijdam (2008) [20] and Wigger (1999) [29].
Firms
We assume that the representative firms that have constant returns to scale production function can be represented as
where Y t i denotes the firm i's output and K t i and L t i respectively signify firm i's capital stock and labor. In addition, B t represents labor productivity, which is equal among firms and which is assumed as
Labor productivity B t is dependent on the capital per labor input, which is also assumed in Romer (1986) [30] and Grossman and Yanagawa (1993) [31] . Therein, K t and L t respectively represent aggregate capital stock and aggregate labor input. In a perfectly competitive market, considering the symmetry of firms, wage w t and capital rent r t are equal to the marginal product of each factor input. 
Defining N t as the population size of young people in t period, t t t unless households use child-care services, or L t = N t if they use it.
Child-Care Service Sector
The child-care service sector supplies child-care services and receives a fee of p per child, which is paid by the parents. It establishes child-care facilities to provide childcare services. Originally, in considering the provision of child-care services, we assume that it costs c units of final goods to provide child-care services for each child. Martín-ez and Iza (2004) [9] assume that child-care services are produced by unskilled labor input. However, Hirazawa and Yakita (2009) [8] report that child care is produced by inputting market labor as well as market good labor.
We assume that child-care services are produced using the latter technology. Then, total revenue is pn t N t and the total expenditure is cn t N t . Therefore, assuming profit maximization in a competitive market, we obtain p = c 12 . Furthermore, c is constant and is measured in terms of market goods.
Equilibrium
Having considered the agents' behavior, we proceed to analysis of the equilibrium. The equilibrium of this economy depends on the amount of capital-per-capita   K t t N  . Representing the savings per household as s t , the capital market clearing condition is given as K t + 1 = N t s t , i.e., n t k t + 1 = s t
13
. In the following subsections, we derive equilibria for the case in which child-care services are available and for the case in which these services are not available.
Equilibrium in No Child-Care Service
In the absence of child-care services, labor supply L t is given as
. Considering the capital market equilibrium condition
and the saving per household (8) and (14), we obtain the following difference equation for k t :
Then, with the defined income per capita as y t , the growth rate of income per capita
We assume that g t >1, i.e.,
Then, the fertility in this case is given as (8) . In this case, both the growth rate of income per capita and fertility are constant over time.
Equilibrium in Child-Care Service
Each household uses child-care services if condition (3) (9) and (14), we obtain the following difference equation for k t :
12 Martínez and Iza (2004) [9] assume that child-care service is produced by linear production technology, which has constant marginal cost. As Martínez and Iza (2004) [9] report, the child-care service price is constant. However, Yasuoka and Miyake (2010) [32] describe that demand and supply for child-care services affect child-care service prices in a different model. 13 We notify
14 With (10) and constant returns to scale, we obtain Copyright © 2012 SciRes. ME Then, the fertility is shown as
We consider steady states of two types: one for the steady state defined by the constant growth rate of income per capita and the other for that defined by constant capital per capita (income per capita) over time. With (17),
If k t  , then the growth rate becomes
where g denotes the growth rate in k t . We define n care, growth as the fertility in constant growth rate g. Then, n care, growth is derived as care,growth n 1ẑ .
To obtain this steady state, ẑ b
, then the growth of income per capita ceases in the long run, which brings about a steady state of the other type. This steady state is specified by k t +1 = k t = k, where k is the capital per capita at the steady state. Defining n care, nogrowth as fertility in this case, in this steady state, capital per capita k and the fertility n care, nogrowth are given as With condition (3), n no < n care, nogrowth < n care, growth15 . Therefore, child-care services raise the fertility in the economy for which no child-care sector exists. In addition, even if growth of income per capita continues in the steady state with child-care service, then the growth rate in childcare service (20) is less than that in no child-care service (16) 16 . Child-care service decreases the growth rate. With a large decrease in the growth rate, growth ceases and converges to constant capital per capita (22) . Without childcare services, the opportunity cost for caring for children (parents must stop working to raise their children) prevents parents from choosing to have children. However, with child-care services, the opportunity cost vanishes and fertility increases. Therefore, it is readily apparent that capital-per-capita k t+1 and the income growth rate g t decrease. A large decrease in g t halts income growth. Therefore, the following proposition is established.
Proposition 1
Introduction of child-care services increases fertility. However, it decreases the income-per-capita growth rate in the model economy in which no child-care sector exists.
Child-care services make child-care and working compatible: this proposition is an assertion that the countries which suffer from low fertility should carry out family policies that make child care and working compatible. Becker and Barro (1988) [33] and Barro and Becker (1989) [34] derived a negative correlation between fertility and the income growth rate. This proposition is consistent with Becker and Barro (1988) [33] and Barro and Becker (1989) [34] even if this model economy setting differs from those of Becker and Barro (1988) [33] and Barro and Becker (1989) [34] 17 . We derived the equilibrium separately for each case. However, based on (3), households use child-care services. Considering (3) and (14) , the condition in which households use child-care services is
The dynamics of capital per capita (income growth rate) and the fertility in the equilibrium are given respectively as (15) and (8) because households do not use child-care services if t  . The dynamics of capital per capita (income growth rate) and the fertility in the steady state are given respectively as (17) and (18) if t . Therefore, we obtain the steady state equilibrium presented in
. 16 Subtracting (20) from (16), we obtain   [35] explained that the correlation between the growth rate of income per capita and population growth is ambiguous in empirical evidence; they examined the determinants of the sign. . Considering the steady state characterized by constant income per capita growth rate g and constant fertility over time, we obtain two states: one for a state that includes high income growth (or low income per capita), low fertility and low female labor participation; and the other for a state that has low income growth (or high income per capita), high fertility, and high female labor participation. Figure 5(b) shows the case of ẑ b
The dynamics of k t converges to constant income growth (20) and the fertility n care, growth (21) or constant income level (22) and the fertility n care, nogrowth (23) . Then, the following proposition is established.
Proposition 2
Two states exist in this model economy: one for a state with low income, high income growth, low fertility, and low female labor participation; and the other for a state with high income (low income growth or no income growth), high fertility and high female labor participation. Finally, the dynamics converges to the steady state, which shows high fertility and high female labor participation even if the fertility and female labor participation are low in an initial period. 
Child-Care Policy Analysis
This section presents an examination of how child-care policies of two types affect fertility: one for child allowance and the other for subsidy for child-care services. First, we examine the effect of a child allowance.
Child Allowance
We consider a child allowance policy wherein an allowance is given to households in direct relation to the number of children they have. The allowance decreases the net child-care cost per child. Assuming that the allowance is financed by a lump-sum tax, then the budget constraint for a no use child-care service is shown as follows
t is given for a child, where is the constant subsidy rate, assumed as and   t t T qwn 19 . With a balanced budget, the lump-sum tax T t is determined as
Each household maximizes its utility (4) under the budget constraint (25) . In addition, considering (26) , fertility n t no and saving s t are given as
Child allowance always pulls up the fertility n t no , as shown by (27) . With (14) , (27) , and (28) and capital market equilibrium condition k s n  
, we obtain the following difference equation for k t : Figure 6 depicts the effects of a child allowance on the dynamics of k t .
Then, the following proposition is established.
Proposition 3
The child allowance decreases the income growth rate or income level. Given continued income growth, the child allowance pulls up fertility. Otherwise, the child allowance does not always pull up fertility.
We should consider the effects of child allowance on the fertility in both (39) and (41). If the fertility is given as (41), then the income converges to a steady state income. Then, the child allowance pulls up fertility in the short run. However, in the long run, a decrease in capital per capita caused by an increase in fertility diminishes income per capita. This income decrease has negative effects on fertility. Therefore, the child allowance does not always increase fertility in the long run. This result is fundamentally equivalent to that obtained by Fanti and Gori (2009) 21 . However, the fertility is given by (39) in continued income growth, child allowance can always pull up the fertility 22 . This proposition, which hinges upon whether a child allowance can always increase the fertility, depends on income growth. van Groezen, Leers, and Meijdam (2003) [19] derived positive child allowance effects on the fertility in a small open economy. van Groezen and Meijdam (2008) [20] examined the child allowance in a closed economy with the pay-as-you-go pension and derived the optimal child allowance. In van Groezen and Meijdam (2008) [20] , introduction of the child allowance pulls up fertility. In contrast, this paper, which contains no externality as a pay-as-you-go pension, reports that introduction of a child allowance decreases fertility.
Subsidy for Child-Care Service
We consider a subsidy for child-care services whereby a subsidy is given to households in proportion to the number of children they have. This subsidy decreases the net child-care service cost per child. Assuming that the subsidy is financed by a lump-sum tax, the budget constraint for using child-care services is shown as follows
The subsidy for child-care services decreases k t+1 for any k t . We consider this policy effect in the steady state. First, we consider the steady state with continuing income growth. Then the income growth rate decreases, as derived by (50). The fertility denotes With t , the fertility and the saving given by (33) and (34) , respectively, are shown as
Then, considering capital market equilibrium n t k t+1 = s t , the income growth rate is derived as shown below:
Comparing (27) with (54), the fertility of (54) is larger than that of (27) . In addition, comparing (30) with (56), the income growth rate of (56) is lower than that of (30) . Therefore, the fertility with child-care services is larger than the case of no child-care services, whereas the income growth rate decreases. An increase in the fertility and a decrease in the income growth rate caused by child-care services do not depend on whether child-care service fees are fixed or wage-dependent.
Considering (54) and (56), an increase in the child allowance increases the fertility although the income growth rate decreases. If the subsidy for child-care services is , then the fertility of (47) 
Then, the subsidy for child-care services increases the fertility as the child allowance.
Conclusions
This paper presents analysis of how fertility is determined and affected by child-care services in a dynamic general equilibrium model under the assumption that complete substitution exists between individual child-care time and child-care services. Among the results presented herein, the following are most noteworthy.
When child-care services exist, one of two multiple states results: one for a state with low fertility, low female labor participation, low income level, and high income growth; and the other for a state with high fertility, high female labor participation, and low income growth or high income level with no income growth. Even if the amount of capital per capita is low in the initial period, income per capita increases; finally, the dynamics converge to the steady state with high fertility and high female labor participation as a result of capital accumulation. The result described in this paper is consistent with the positive correlation in developed countries. This paper sets the dynamic general equilibrium model as simply as possible and derives the positive correlation. In the latter part of this paper, we analyzed whether child-care policies, (e.g., a child allowance policy, wherein households receive an allowance in direct relation to the number of children they have, and the subsidy for child-care services policy) can raise the fertility rate. These policies can raise the fertility rate in the short run. However, the effect in the long run might differ. Because of the decrease in income with a decrease in capital per capita, the child allowance does not always increase fertility. If the income level converges to a constant income level in the long run, the child allowance can not always pull up the fertility. However, if income growth continues in the long run, then the child allowance can pull up the fertility in the long run. Therefore, the effect of child allowance on the fertility depends on whether income growth ceases or continues in the long run. Results show that the effect in the short run is consistent with the positive correlation between fertility and the magnitude of governmental family policy.
The model in this paper is consistent with the three positive correlations described for developed countries: 1) Fertility and female labor participation; 2) Fertility and income per capita; and 3) Fertility and the magnitude of governmental family policy. In addition, this paper presents a proposal that, before implementing child-care policies, the government should consider their short-run and long-run effects.
